We study the heterotic string on the simplest (non-trivial) Calabi-Yau manifold, K3, and its orbifold limits. We set the background gauge connection equal to the spin connection. The massless spectrum of the field theory that is the low energy limit of the Es @ Es string is derived on K3. Some terms in the effective Lagrangian for the massless modes are shown to be determined by the topology of K3. Several orbifold limits of K3 are described as T4/Zl , after the singular points are removed and replaced by well behaved spaces. Massless spectra of the full string theory on these orbifolds are obtained.
INTRODUCTION
The space of vacuum solutions to the heterotic string theory is enormous and there is no known way to decide which solution the string theory will choose as its preferred vacuum. More detailed knowledge of this space, and the solutions themselves, may help in solving this dilemma.
Two classes of vacuum solutions that yield quasi-realistic effective theories are those on Calabi-Yau manifolds ' and those on orbifolds .213 These two classes are related; many of the orbifold compactifications are singular limits of CalabiYau compactifications.
It is important to understand their relation, since much more can be said about strings on orbifolds than about strings on Calabi-Yau manifolds; perhaps some of this information can be carried over to the Calabi-Yau . case. If we restrict to these two classes, there is a unique theoretical laboratory.
K3 is the simplest (non-trivial) Calabi -Yau manifold. It also has several distinct orbifold limits.
In this paper we will study heterotic string propagation on K3 and its orbifold limits. We will consider the Es @ Es string and derive the massless spectra obtained by setting the background gauge connection equal to the spin connection."2'3 We will consider only those orbifold limits of K3 that are obtained as the four-dimensional torus T4 with points identified under the action of a group 21. We denote these orbifold limits as K3(Zl)=T4/Zi .
K3 has been discussed extensively in the physics literature. A review of its properties can be found in Ref. 4 . The simplest orbifold limit of K3, K3(&),
has been 5-7 studied.
We are aware of no discussions of the other orbifold limits K3(&), l # 2, and the spectra of heterotic strings on them. One solution of this constraint is to set the gauge connection equal to the spin connection, A = w, in the background. We will now derive the resulting massless spectrum in six dimensions obtained by doing this. This calculation has already been carried out, in Ref. 8 .
Massless modes are solutions of the linearised field equations. With the vacuum of the form Ms @ K3, M6 being six-dimensional Minkowski space, these solutions can be written as direct products of tensors (or spinors) on Me with tensors (or spinors) on K3. The tensors (or spinors) on Me will be the wave functions of zero-mass particles in six dimensions provided the corresponding objects on K3 satisfy certain differential equations. So there is a one to one correspondence between massless six-dimensional particles and solutions of certain differential equations on the internal space, K3. The massless spectrum can be determined by counting the numbers of solutions to the internal differential equations. The internal differential equations are determined by the equations of motion of the ten-dimensional fields present in the theory.
The situation is made simpler by supersymmetry. All six-dimensional particles must be grouped into multiplets of simple supersymmetry. The possible massless multiplets are the supergravity multiplet R(6), the tensor supermultiplet T(6), the Yang-Mills supermultiplet Y (6) , and the scalar supermultiplet S(6):
= w~;W-W (2-3) .
Y(6) = {A,, A(+)} S(6) = {x'-),4d} -.
(+I R(6) contains a graviton gPV, a Weyl gravitino ?+!J~ , and a self-dual antisymmetric tensor Biz). T(6) contains an anti-self-dual antisymmetric tensor BhiS;), a Weyl spinor T/J(-), and a scalar cp . Y(6) includes a vector A, and a gaugino it+); and the component fields of S(6) are a Weyl fermion ~(-1 and four scalars Since supersymmetry pairs bosons with fermions in the way we have just described, it is sufficient to count the massless fermions to deduce the full massless spectrum. To count the massless fermions, we use index theory. The index of a fermion is the difference in the numbers of normalisable negative chirality and positive chirality solutions of the equation of motion. At least this number of solutions (of the correct chirality) cannot be paired with solutions of opposite chirality, and so must be massless solutions. Assuming these are the only zeromass solutions, we can derive the full massless spectrum.
Let us first use this method on the supergravity multiplet R(10).14 Consider the spinor q(+)(ur) = $(z) QD q(y), where I/J(Z) is a spinor on MS, whose coordinates we denote by zp, and q(y) is a spinor on K3, whose coordinates are ym.
T/J(Z) will be a massless six-dimensional field provided r](y) satisfies the zero-mass Dirac equation on K3 : The knowledge of these zero-modes is almost enough to give us the full massless spectrum arising from R(lO). Th ere is an ambiguity as to where to place the negative chirality fermions -in S (6) or T(6) multiplets. However, it is known 15 that there is no six-dimensional Lorentz-invariant action for a single unpaired self-dual or anti-self-dual tensor field Bb$) or BiG) . Only when they are paired into unconstrained tensors B,, can we write such an action. The original action for the ten-dimensional field theory is Lorentz invariant, and we have chosen a background Me @ K3 such that this invariance is not spontaneously broken.
Therefore the single self-dual tensor B$) of R(6) must be paired with a single anti-self-dual tensor IIhi) of T(6). Therefore R(lO) yields
(2.5)
We now move on to the Yang-Mills sector. The sole ten-dimensional fermion in this sector in the gaugino A(-)(w), t ransforming in the adjoint representation The SU2 subgroup will be spontaneously broken, since the vacuum value of the gauge field is nonzero. Dirac zero-modes on K3 which are SU2 singlets, doublets, and triplets will yield massless six-dimensional fields in the (133,l) @ (1,248), (56,1), and (1,l) representations, respectively, of the unbroken gauge group E7 @I Es. The numbers of gauge nonsinglet zero-modes are given by the twisted Dirac index theorem on K34 :
c is the relevant gauge representation, and here it is a representation of SU2. D, is the covariant derivative on K3 including the SU2 gauge connection. Setting the gauge connection equal to the spin connection gives tr2 F A F = itr R A R, since the 4 of SO4 is two doublets of SU2. Now 6tr,F A F = (c -l)c(c + l)trzF A F so that using (2.4) we have IG(K3) = 2c (3 -2c2) This result for c=l agrees as it should with the untwisted Dirac index (2.4), and shows that we obtain positive chirality six-dimensional gauginos in the (133,l) @ (1,248) representation of E7 @ Es . For c=Z, we get 10 negative chirality fermions x (-l(x) in the (56,l) representation, and with c=3 we obtain 45 negative chirality fermions ~(-1 that are gauge singlets. Potential anomalies give us a quick check of our result: Compactification on a four-dimensional ma~nifold will preserve the anomaly cancellation present in . the ten-dimensional theory.* Anomalies in six dimensions are formally proportional to an 8-form. The only terms that cannot possibly be cancelled by the -.
Green-Schwarz mechanism l3 are the "leading" gravitational and gauge anomalies, proportional to trR4 and trF4 , respectively.
The gauge anomaly can in our case be cancelled by the Green-Schwarz mechanism, because trF4 is proportional to (trF2)2 for both gauge groups E7 and Es.
The contributions of a positive chirality gravitino and a positive chirality spin-$ fermion to the leading gravitational anomaly are in the proportion 245:1.16 With a single T(6) multiplet in the theory, this means that the total numbers, s and y, of S(6) and Y(6) multiplets must satisfy s -y = 244. This is satisfied by the spectrum of (2.8).
2.2.
ZERO-MODES AND HARMONIC FORMS ON K3
Many of the zero-modes we have just counted can be written explicitly in terms of objects known to exist, the harmonic forms on K3. In general, this not only confirms index theory results, but can also tell us the numbers of zeromass positive and negative-chirality spinors separately ( this happens in the sixdimensional Calabi-Yau case ' ). It gives information about bosonic zero-modes, whereas index theory can only under special circumstances, like when there is supersymmetry. Also, with the explicit forms of the zero-modes, we will be able to 9, 17 calculate some topological terms in the effective six-dimensional Lagrangian.
As in the previous section, we first consider the gravitational sector, the fields These two zero-modes both have negative internal chirality, as required, and they
give rise to one positive chirality gravitino $h+'(x) in six dimensions. Gathering our results from the supergravity multiplet R(lO), we have 81 scalars, 21 negative chirality spin-i fermions, one gravitino, one graviton,and one antisymmetric tensor. The unique way (with six-dimensional Lorentz invariant action) to fit these zero-modes into simple supersymmetry multiplets is as in (2.5).
Moving on to the Yang-Mills sector, we will examine the fermions first. Since the gauge connection is set equal to the spin connection, there is a background SU2 gauge field on K3. Because of (2.6), the gaugino A(-)(W) gives a spin-$ six- V is the gravitational covariant derivative, now including spin connection terms because of the tangent index a. The key is that these extra terms are exactly the required gauge connection terms for an SU2 doublet spinor, provided the gauge connection is identical to the spin connection. Therefore, the solutions to (2.10) are the required solutions.
To count the number of solutions, we count the number of harmonic elements of H1 (T). These are isomorphic to the harmonic (l,l)-forms F, in the following way:
Since hll = 20, we obtain 10 negative chirality spinors X(-)(X) in the (56,l)
representation of E7 8 Es, in agreement with the index theory results.
The analysis is not so easy for the triplet zero-modes. A 3 index of SU2 is equivalent to a pair of symmetrised doublet indices. The symmetrisation makes it impossible to relate these zero-modes to forms. For the 45 E7 @ Es singlets in six dimensions, we cannot construct the corresponding zero-modes on K3.
Note that the situation on K3 is nevertheless simpler than that on sixdimensional Calabi-Yau spaces. This is because on the six-dimensional spaces, index theory cannot be used to derive the massless four-dimensional spectrum.
There is no general method available to count the gauge singlet zero-modes analogous to our SU2 triplets (these are the SU3 octets in the six-dimensional case 19 ). In the K3 case, we at least know there are 45 gauge singlet fermions in the Another simplification is that the Ricci-flat metric is a solution of the equations of motion, since K3 is a hyperkghler manifold. For the six-dimensional Calabi-Yau spaces, the four loop p-function does not vanishy1'22 so that the 23, 24 metric must be modified to a non-Ricci-flat one.
.: 20 
STRINGS ON ORBIFOLD LIMITS OF K3
Some Calabi-Yau manifolds can be deformed such that all the curvature is "pinched off" into a finite number of isolated singular points. This deformation is an orbifold limit of the Calabi-Yau manifold. In general, there are many such limits for a single manifold. The subject of this chapter is a class of orbifold limits of K3.
In the limit that all the curvature is concentrated at isolated singular points, the resulting object can in some cases be identified with the orbifold constructed from a torus by modding out the action of a discrete isometry group. Then the singular points are those points fixed under the action of the isometry group.
The orbifold limits K3(Z ) 1 can be constructed in this way: K3(Zl)=T4/Zl.
.
In the first section of this chapter we construct these orbifolds and show how they can be "blown up" into K3. In the second section we derive the massless spectra of the Es @I Es heterotic string on these orbifolds. We then show how the string spectrum makes sense in light of the knowledge of how to blow up the orbifolds.
ORBIFOLD LIMITS OF K3
The simplest example of an orbifold limit of K3 is the torus T4 divided by
Euclidean space with the identifications ym Z ym + 1, there are 16 points fixed under the reflection; ym = 0, i, say.
To obtain K3 from K3(22), surgery must be performed. Neighbourhoods containing the 16 singular points must be excised and replaced by appropriate non-compact regions containing no singular points. For a Ricci-flat K3 metric 21 we use the Ricci-flat Eguchi-Hanson space, which we denote by E(Zz). The boundary of E(Z2) at 00 is S3/Zz, so that it fits the hole left by an excised region.
However, the fit is only precise in the limit the Eguchi-Hanson region shrinks to zero size. This is the orbifold limit K3+K3 (22) .
Using These 6 are not localised near the fixed points. In fact, they are the forms dy" A dy", the harmonic 2-forms of T4, which survive because they are invariant under reflections.
The construction above can easily be generalised. Consider T4 as the direct product of two 2-tori (T4 = T2 63 T2), each being a complex plane with the , identifications zj E zj + 1 g zj + eq (j = 1,2). Then the discrete isometry generated by Q z1 Q-l = e%z' and Q z2 9-l = eez2 has 9 fixed points:
2-e?; j = 'd 1,2. K3 can be obtained by replacing each of the fixed points with a non-compact Ricci-flat space whose boundary at oo is S3/Zs, and has r = -2, x = 3. Such a space exists ,'" and we denote it by E(Zs).
These 9 spaces provide all the harmonic 2-forms of K3, except for 4. These 4, one anti-self-dual and the other three self-dual, survive from the torus. They are dz' A dz2, dzi A dz", dzr A dz', and dz2 A dz'; with the anti-self-dual combination being dz' A dz' -dz2 A dz".
In fact, non-compact spaces that are both Ricci-flat and asymptotically S3/G, with G being any discrete subgroup of SU2, are known to exist.27 In keeping with the notation above, we denote them by E(G). One can use these spaces to construct K3 from orbifolds of the general type T4/G, in the way we have sketched.
In this paper we restrict ourselves to the groups G = Zi. The Euler characteristic of E(Zl) is I, and its nonzero Betti numbers are bo = 1, b2 = b, = 2 -1.
Its only harmonic forms (besides a constant) are 1 -1 2-forms which are all anti-self-dual, and can also be written as (l,l)-forms.
Besides I = 2 and 3, I = 4 and 6 are possible. First we discuss the 24 case. For 24 symmetry, T4 must be defined by the equivalences zj E zj+l E zj+;; j = 1,2.
The 24 isometry is then generated by Q z1 Q-' = iz' ; Q z2 q-l = -iz2.
There are four points fixed under Q: This means that when a fundamental region of T4 is chosen that is Z4-invariant, it will contain 4 singular points that can be repaired using E(.&)'s, and 6 more that can be repaired with E(Z ) 2 's. This is because the 6 points (one point of each doublet above) are fixed under Q2, which generates a 22 subgroup of 24.
To verify that the manifold obtained is indeed K3, we calculate its Euler characteristic using Finally, for the 2s case we must use the torus T4 as defined for the 2s case discussed above: zj E zj + 1 % zj + e%. The 2s isometry is generated by In the analysis of the low energy field theory limit of the heterotic string on K3, the detailed knowledge of the harmonic forms does not enter. For example, we do not know where any of the harmonic forms on K3 may be localised. The results were topological and therefore independent of such information. However, . in the orbifold limit, one can solve the full string theory on K3.2'3 In this case, as we will demonstrate in the next section, the detailed knowledge we have obtained is important.
THE HETEROTIC STRING ON K3 ORBIFOLDS
In this section we will derive the massless spectra obtained by compactifying the heterotic string on the orbifold limits K3(Zl) of K3. For definiteness we are considering the Es @Es string. We will use the Green-Schwarz formulation of the superstring in the light cone gauge, and also follow Ref. 28 , where the bosonic formulation of the gauge degrees of freedom was first used.
To solve string theory on an orbifold T4/Zl, one first solves it on T4. Projecting out everything but the Zl-singlet states then gives part of the theory, the states of the untwisted sector. To get the rest of the theory the procedure must be with the restriction in both cases that the integers n; satisfy Cf=, n; = Omod2.
In keeping with our descriptions of the orbifolds K3(21) in the last section, the twist Q generating 21 is specified by where eg is the lattice vector on A that is dual to the eighth simple root es.
Right away we can find the gauge group to which Es @I Eg is broken. Since In the heterotic string theory, the Es generator corresponding to the root e, e being one of the e; or ee, is built from the factor : e2ie.X(r+a) :.33 With q = teg, the Es generator corresponding to the simple root es is twisted and so will not survive the projection. The ei, i # 8, are the simple roots of E7 c Es. The generator given by eo can be used as the simple root of SUz, if it is a Q-singlet.
But it picks up a phase exp[ y(e1;)2] = ezp ( 7) . Therefore, only for 1 = 2 does it survive the projection to a Zl-invariant theory, and for 1 = 2 we obtain the gauge group E7 8 SU2 @ Es. For Z # 2, we have the smaller gauge group E7 @ U1 @ Es, with U1 charge proportional to the projection onto ec.
We can now derive the massless spectrum. To perform (later) the projection to Zl-singlet states we will need the Qeigenvalues of the various states. We denote these eigenvalues by AR. Using Here n = 3 for 1 = 3, n = 2 otherwise, and the numbers in the round brackets are representations of E7 8 Eg. We will not indicate the U1 charges.
We will now work out the massless modes in the twisted sector in the case 1 = 2. The calculations for the orbifolds K3(Zi), 1 # 2, proceed in a similar manner, and the results will be given later.
There is just one twisted sector for the case I = 2. The fields satisfy the It can be verified that this spectrum has no anomaly that cannot be cancelled in the Green-Schwarz l3 manner. The spectra on K3(Zl), 1 # 2, can be derived in similar fashion. We have already derived the spectra (3.11) in the untwisted sector. For the case I = 3, there are two twisted sectors. However, it is always true that the particles found In the 1 = 2 and 3 cases, the degeneracy factors in the twisted sectors were the numbers of fixed points, 16 and 9, respectively. As discussed above, for the twist group 24, there are 4 points on T4 fixed under the action of Q. Thus 4 is the required degeneracy factor.
In the Q2-twisted sector, the spectrum is a multiple of iS (6)[(56,1)@4 (1, l) ].
But here the degeneracy factor is not the number of points on T4 fixed under Q2. This is because only four of these sixteen fixed points are invariant under the full action of 24. The remaining twelve can be grouped into 6 "doublets" whose component points are transformed into each other by the action of Q, as discussed in the previous section. So to construct a Z4-singlet spectrum from states on the torus, we must take the spectrum at each of the%fixed points in each of the "doublets" and form the linear combination that has Q-eigenvalue 1. A 1 physical state will be the sum of the states at the two fixed points. (There is also the difference, but since it is not a Q-singlet, it is projected out of the spectrum.)
Therefore, these doublets make a contribution of 6 to the degeneracy factor.
Adding the contributions of the 4 Q-singlet points fixed under Q2, the total degeneracy factor is 10. We obtain, therefore, the spectrum 5S(6) [ (56,1) @4(1, l)] in the sector twisted by Q2.
Note that we have massless states that are actually non-local on the torus T4.
They are, however, local on the orbifold, since the two fixed points of a "doublet" are identified by modding out the isometry group.
There is a simple way to determine the degeneracy factor of each twisted sector. As noted above, the number of 56's is proportional to the Euler characteristic. Knowing the number of 56's in each sector tells us the degeneracy factor for each twisted sector. There is an orbifold formula for the Euler charac- We now briefly discuss the final example, K3(2e). The spectrum can be worked out to be . To close this chapter we note that it is easy to use the orbifold Euler characteristic formula (3.16) to find the numbers and types of spaces E(Zl) required in the blowing up of an orbifold K3(Zl). Th is circumvents the more tedious procedure, used above, of finding the points fixed under the various elements of 21, and their transformation properties under the other elements. Perhaps that procedure can in this way be avoided in more general circumstances.
CONCLUSION
We have studied the Es 8 Es heterotic string on the manifold K3 and its orbifold limits K3(Zl)=T4/Zl. The topology (specifically, the cohomology) of K3 determines the six-dimensional massless spectrum obtained when K3 is the internal space, and also determines some terms in the effective six-dimensional
Lagrangian. It was shown how to construct the orbifolds K3(Zl)=T4/Z~. The massless spectra obtained with the K3(Z ) 1 as the internal spaces were calculated.
We showed how to blow up the orbifolds K3(21) into K3, and this knowledge made possible a fruitful comparison of the spectra on K3(21) with the spectrum on K3.
This comparison shows that, in some sense, the string "knows" about how the orbifold should be blown up into a Calabi-Yau manifold. There is a correspondence between massless string states on the orbifold and harmonic forms on the manifold obtained by blowing up the orbifold. Furthermore, one can understand the distinct twisted sectors of the string massless spectrum given the number and cohomology of the spaces inserted to replace the singular points of the orbifold.
Knowing how to blow up the orbifold is enough to (almost) determine the massless spectrum of string states on that orbifold, including the separate twisted sectors.
Conversely, knowledge of the string massless modes on the orbifold can yield information about the blowing-up procedure required. This has recently been demonstrated in Ref. 34 , where it is noted that the existence of certain massless scalar fields (in the twisted sectors) whose potential is flat (to all orders in string perturbation theory) signals that the corresponding singularity can be blown up.
Essentially the massless field can acquire a nonzero vacuum expectation value related to the nonzero size of the space inserted to repair the relevant singularity. In addition, for these blown-up Calabi-Yau manifolds, the mass spectrum, Yukawa couplings, and the other parameters of the effective Lagrangian can be calculated using the string amplitudes on the orbifold.34
Of great help in our analysis was the orbifold Euler characteristic formula (equation (3.16) ) of R e erences f 2 and 3. This formula could tell us the numbers and types of spaces to be inserted in the repair of the orbifold singularities, at least for the class of orbifolds we considered. This is another example of string formulae on orbifolds "knowing" about the underlying Calabi-Yau manifold. It would be interesting to see if the orbifold Euler characteristic formula can be used in more general cases as a tool for finding the correct blowing up procedure. 
